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Theoretical and Experimental Studies of Ducted
Mixing and Burning of Coaxial Streams

C. E. PETERS,* W. J. PHARES,! AND T. H. M. CUNNINGHAMJ
ARO Inc., Arnold Air Force Station, Tenn.

An extensive investigation of the ducted turbulent mixing process is described. Experimen-
tal results are presented for a rocket-air mixing system which is typical of the air-augmented
rocket. An integral theory for the duct flow is presented, for arbitrary axisymmetric duct
geometry and for either frozen or equilibrium mixing zone chemistry. The turbulent shear
stress in the variable density mixing layer is treated by use of a modified Prandtl eddy viscosity
model. The outer (secondary) inviscid portion of the flow is treated as one-dimensional.
The central (primary) inviscid stream is treated with a coupled method of characteristics
solution for supersonic primary streams. Comparison of the theory with experiments indi-
cates that the theory is applicable to engineering analysis of ducted mixing systems, such as
air-air ejectors and air-augmented rockets.

Nomenclature

AAR = air-augmented rocket
b = mixing zone width
B = determinant in equation for db/dx
Ck = mass fraction of element k
C = mass fraction of elements from central stream
D = coefficient determinant for system of equations
FI . . . F± = coefficients in system of differential equations
Fd = mixing duct thrust
Fn = vacuum thrust of primary nozzle
Gi. . . (r4 = coefficients in system of differential equations
HO = total, or stagnation, enthalpy, including chemical

heats of formation
HI. . .H^ = coefficients in system of differential equations
Ji. . . J4 = general coefficients [Eq. (12)]
k = constant in eddy viscosity equation
k0 = incompressible eddy viscosity constant
L = length of mixing duct
M = Mach number
p = static pressure
Pb = back pressure
PO = total, or stagnation, pressure
P = determinant in equation for dpw/dx
Q = species conservation parameter
r = radial coordinate
rn = radius of primary nozzle exit
R = determinant in equation for dri/dx
Sig, Szg = general integrands (Appendix)
To = total, or stagnation, temperature
u = axial velocity component
•Wmax, wmin = maximum and minimum velocities in mixing layer
v = transverse or radial velocity component
V = magnitude of total velocity vector
wa = initial mass flow of secondary stream
Wj = initial mass flow of primary stream
x = axial coordinate
e = turbulent eddy viscosity
B = flow angle
p = density
T = turbulent shear stress
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Subscripts
1 = mixing duct inlet
a = inviscid secondary flow
c = centerline
g = index of differentiation (Appendix)
i = inner mixing zone boundary
j = primary stream
m = half-radius control surface in mixing zone
w = duct wall

Introduction

DUCTED turbulent mixing of coaxial streams occurs in
many devices of practical interest to the engineer.

Typical examples are the jet pump (or air-air ejector) and
composite propulsion systems such as the air-augmented
rocket (AAR).1'2 An extensive theoretical and experimental
investigation of ducted mixing has been in progress at the
Rocket Test Facility of AEDC for several years.3"5 The basic
obj ective of this research has been to develop an adequate en-
gineering theory to describe the ducted mixing process, in-
cluding chemical reactions, which is encountered in the AAR
and other composite propulsion systems. Emphasis has been
placed on relatively long mixing systems in which the duct
pressure distribution is strongly influenced by thick mixing
layers. In other words, this may be considered a strong
viscous interaction problem.

The mixing system is shown schematically in Fig. 1. The
specific objective is to predict the secondary mass flow wa and
the duct wall pressure distribution if the following parameters
are prescribed: 1) geometry, 2) primary (jet) fluid and initial
conditions, 3) secondary fluid and stagnation conditions, poa

- Inviscid Secondary
Flow

Fig. 1 Schematic of ducted mixing system.
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Fig. 2 Operational modes of a ducted mixing system.

and TV, and 4) back pressure, pb. Three distinct flow regimes
are shown in Fig. 1: 1) turbulent mixing between the second-
ary flow and the inviscid primary flow, 2) continued mixing
after the inviscid core has been dissipated, but a region of
inviscid secondary flow exists near the duct wall, and 3)
entirely turbulent flow.

Three modes of operation are possible for a ducted mixing
system when the primary stream is initially supersonic and the
secondary stream is initially subsonic (Fig. 2). These modes
are distinguished by the factor which limits the secondary
mass flow rate, wa. The "upstream choking" mode occurs
when wa is limited by choking of the secondary flow near the
entrance of the duct. The primary stream has expanded,
causing the secondary flow area at the choke point to be less
than the initial flow area. Fabri and Paulon6 called this
mode the "supersonic regime." The "downstream choking"
mode occurs when wa is limited by choking of the flow at the
duct exit. This mode may occur even in a divergent mixing
duct if the fluids have greatly different densities or exothermic
chemical reactions occur, and it is of interest for AAR's.4 The
"back pressure dependent" mode occurs when pb is sufficiently
high to unchoke the duct flow. The secondary flow is sub-
sonic throughout the duct, and the duct exit pressure exactly
matches the back pressure. Fabri called this mode the "mixed
regime." It is commonly encountered in jet pumps but is not
of practical interest for AAR's.

To be considered adequate, a generalized theory for the
ducted mixing system must be capable of predicting both the
operational mode and the resulting performance. Two ana-
lytical models have been developed during this investigation.5
In the first model, the inviscid portions of the primary and
secondary flows are assumed to be one-dimensional (1-D Core
Theory). The inviscid and viscous portions of the flow are
computed simultaneously, and all three regimes in Fig. 1 are
treated by use of the von Karman integral method. This
model may be considered an extension and refinement of the
theory reported earlier.3 It is satisfactory for subsonic mixing
systems but not for supersonic primary flows, particularly
when operating in the upstream choking mode. Conse-
quently, the theory in the first regime was modified to include
computation of the inviscid core flow with the irrotational
method of characteristics. In the resulting "2-D Core
Theory" model, the second and third regime treatment is the
same as in the 1-D Core Theory.

The 1-D Core Theory has been correlated with a variety of
subsonic mixing experiments,5 both to establish the validity of
the theory and to define the eddy viscosity constants for sub-
sonic flows. Because the main emphasis of this work has
been placed on mixing systems with supersonic primary
streams, only the 2-D Core Theory will be described in this
paper.

Other investigators have developed analytical models for
treating the ducted mixing problem, including the influence
of chemical reactions in the mixing layer. Edelman and
Fortune7 have developed an analytical model which is similar

in many respects to the 1-D Core Theory, except that the
viscous layer is computed with finite difference methods
rather than with the integral method. Edelman and Fortune
can compute mixing solutions with finite rate chemistry,
whereas the present analysis is limited to equilibrium chem-
istry. Their analytical model is not applicable to ducted mix-
ing systems with nonuniform supersonic primary flows. More
recently, Edelman and Weilerstein8 have developed an anal-
ysis for the fully supersonic ducted mixing process; their
analysis is not applicable to the case of supersonic primary
flow and subsonic secondary flow.

To the authors7 knowledge, the 2-D Core Theory of the
present investigation is the first successful attempt to couple,
in a noniterative manner, the boundary-layer-type solution of
the viscous layer with the method of characteristics solution
of the supersonic inviscid core. The work most closely related
to the 2-D Core Theory is that of Chow and Addy9 on the
supersonic air-air ejector operating in the upstream choking
mode. The supersonic air-air ejector represents a weak
viscous interaction problem because viscous effects are small
except at low and zero secondary flow rates. In the analysis
of Chow and Addy, the primary stream is computed with
the method of characteristics and the inviscid secondary flow is
computed simultaneously by use of the one-dimensional as-
sumption. The inviscid solution is then corrected for viscous
effects along the jet boundary separating the primary and
secondary fluids. The Chow and Addy theory9 is applicable
to nonconstant area mixing ducts10 (such as short thrust
augmentation devices, e.g., turbojet ejector nozzles). Mix-
ing systems with thick mixing layers cannot be analyzed with
the Chow and Addy technique of superposition of a two-
dimensional mixing layer onto the inviscid jet boundary.

Because of the many simplifications required in any anal-
ysis of ducted turbulent mixing, it is essential that the validity
of the theoretical models be established by detailed com-
parisons with experiment in the flow regime of interest. Con-
sequently, extensive experiments have been made at AEDC
on a ducted rocket-air mixing system which is representative
of the air-augmented rocket.3 •4 The rocket-air mixing system
was operated in all of the modes shown in Fig. 2.

Theoretical Analysis—2-D Core Theory

The principal assumptions are:
1) The flow is axisymmetric.
2) All gases obey the perfect gas law.
3) The usual boundary-layer assumptions are applicable

to the mixing layer.
4) The inviscid portion of the secondary flow is one-

dimensional and isentropic.
5) The inviscid portion of the primary flow is isentropic.
6) The mixing layer is fully turbulent and boundary layers

at initiation of mixing are negligible.
7) Viscous effects at the duct wall are negligible (the no-

slip condition is not applied at the wall).
8) The mixing zone velocity profiles are assumed to have

similar shapes (cosine function).
9) The turbulent Prandtl and Lewis numbers are unity.
10) For mixing with simultaneous chemical reactions, the

reactions are assumed to be in equilibrium.
11) In the third regime (Fig. 1), the free mixing concepts

of shear and profile shape similiarity are assumed to be ap-
plicable.

For mathematical convenience, the viscous effects are con-
sidered only in the mixing layer which is assumed to have
discrete boundaries. By integrating the continuity and
boundary-layer momentum equations, we obtain three basic
integral equations (Fig. 3): 1) a continuity equation for the
flow between r* and rw, 2) a momentum equation for the flow
between r» and rw, and 3) a momentum equation for the flow
between r,- and a control surface rmj arbitrarily located half-
way across the mixing layer.
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The term rm in Eq. (3) represents the turbulent shear stress
at the half-radius control surface. In the second and third
regimes, r{ = 0, and the integral equations are considerably
simplified. The isobaric axisymmetric boundary-layer equa-
tions for momentum, energy, and conservation of elemental
species have been given by Libby11 for unity turbulent Prandtl
and Lewis numbers. These three equations have the same
form for the variables, u, HQ, and C*, and the following linear
relations are obtained between these variables for negligi-
ble initial boundary layers:

Ck — Cka

Cki — Cka
(4)

The subscripts a and i refer to the inviscid conditions at either
edge of the mixing layer. Because the transport coefficients
for all species are the same, the composition at any point in
the mixing zone may be characterized as a simple two-com-
ponent mixture. Thus,

(4a)

where C is the local mass fraction of elements from the central
stream.

Although derived for isobaric flow, Eq. (4a) is conditionally
assumed to be valid for flows with axial pressure gradients. It
should be noted, however, that the inviscid reference velocities,
Ui and uaj are pressure dependent and will vary in a typical
ducted mixing problem. If Eq. (4a) is valid, then the com-
puted total flux of elements from the central stream should be
the same at all axial stations. In other words, the solution of
the integrated momentum equation is also a satisfactory solu-
tion for the integrated species and energy equations.

A species conservation parameter Q may be defined as

/2x\ CrwQ = («r)\WJ/ Jo
puCrdr (5)

It has been found that Q does remain approximately unity
throughout typical air-augmented rocket systems.5 There-
fore, the use of Eq. (4a) is justified, at least from an integral
point of view, for such systems.

Mixing Zone Profiles and Eddy Viscosity

The mixing zone velocity profiles are represented by a
cosine function:

u - Uraiu 1 1 [ (r - rt-)"|—————— = - + o cos TT —-— (6)
^max - Wmiu 2 2 [_ 6 J

In the first and second regimes (Fig. 3), wmin = ua; in the third

Fig. 3 Nomenclature for integral analysis.

regime, wmm = uw. In the first regime, uma
second and third regimes, umax — uc.

In the first regime, ui is defined as
jr f\ /r7\Ui = Vi cosdi (7)

where Vi is the magnitude of the total velocity vector at ri
(an isentropic function of pw) and 6i is the flow angle at r{.

At the half-radius control surface,
7. _ i/,. I 7. . \ (o\
u>m — 2 v^max 1^ M-miny V^-5/

For rocket-air mixing, the mixing zone compositions and
temperatures are determined by an approximate equilibrium
chemistry computation.5 The density is thus determined as
a function of pw and the local velocity in the mixing layer.

Turbulent Eddy Viscosity

The term rm in Eq. (3) is determined by

Tm = pmtm C)W/dr|m (9)

where em is the turbulent eddy viscosity. The model for the
eddy viscosity which is used in this work is the incompressible
Prandtl model,

e = /c6(^max - wmin) (10)

with the empirical constant k corrected for the effect of
variable density. The correction used is a modification of the
technique suggested by Donaldson and Gray.12 Donaldson
and Gray found that the influence of variable density could be
generalized if k is taken to be a function of the local mach
number, Mm, at the half-radius control surface. The follow-
ing empirical equation was developed during this investiga-
tion5 to express the relation between k and the incompressible
constant,/c0:

k/k<> = 0.66 + 0.34 exp(-3.42 Mm
2) (U)

The 1-D Core Theory has been correlated with low speed air-
air mixing experiments, and it was found that /c0 = 0.007 in
the first regime, and ko = 0.011 in the second and third
regimes. These values have been used for all of the com-
putations presented in this paper and in Ref. 5.

It should be noted that the Prandtl eddy viscosity model
[Eq. (10)] is known to be deficient when ua/Ui exceeds
about 0.3. Also, Eq. (11) has not been checked against a
sufficient number of experiments to be considered completely
reliable. Nevertheless, the present eddy viscosity model gave
good results for the AEDC experimental rocket-air mixing
configurations.3'4 In those experiments, ua/Ui did not ex-
ceed 0.1.

Transformation of Integral Equations

Sufficient information is available so that the terms in Eqs.
(1-3) can be related to three flowfield variables. In the first
regime (Fig. 3), these variables are selected to be pw, r», and
6. In the second regime, the selected variables are pw, uc, and
b. In the third regime, the selected variables are pw, uc, and
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Fig. 4 Schematic of experimental apparatus.

In the first regime, Eqs. (1-3) can be transformed into the
following system:

dpw dr<
~T~ ~r « /2 ~r~ax ax ~r

db
T~ax (12)

where / = F for the continuity equation, J = G for the
momentum equation, and J = H for the half-radius mo-
mentum equation. The equations for the coefficients are
presented in the Appendix. The numerous auxiliary equa-
tions necessary for computation of the coefficients have been
presented in Ref. 5.

Equations (12) can be solved for the derivatives (dpw/dx,
dri/dx, and db/dx) by use of Cramer's rule, as long as the
determinant of the coefficients is not zero;

dpw

dx
P dn
D' dx

R db
D' dx

B
D (13)

The D, P, R, and B represent coefficient determinants for the
preceding system of differential equations. Equations (13)
are numerically integrated by use of the well-known Runge-
Kutta method. An IBM 360/50 computer was used to ob-
tain the numerical solutions.

The transformation in the second and third regimes is
similar to the first regime except that the derivatives in
question are (dpw/dx, duc/dx, db/dx) and (dpw/dx, duc/dx,
duw/dx), respectively.5

Method of Solution

Many terms appearing in the first regime coefficients (F, G,
and H) depend on the flow conditions at the inner mixing
zone boundary. In order to solve the system of differential
equations, one must be able to evaluate the following proper-
ties at Ti\ 6i, du/dx, dVdr, dp/d#, and dp/dr. To provide
these parameters, the inviscid core flow is computed (with
the irrotational method of characteristics) simultaneously
with the numerical solution of the equations for the mixing
layer and inviscid secondary flow.5 The key technique used
to couple the solution of the viscous layer with the solution of
the inviscid core flow is as follows. At each intermediate
Runge-Kutta step in the numerical integration of Eqs. (13),
the method of characteristics is used to solve for the flow
conditions at Ti (0,-, etc.). All of the inner boundary deriva-
tives also are defined, and the coefficients (F, G, and H) can

0.04 0.08 0.12

Total Pressure Ratio, poa/P0;

Fig. 5 Mass flow ratio for a cylindrical air-air ejector.

be evaluated. By using this technique, the entire flowfield is
solved in a stepwise manner in the axial direction.

The solution for the ducted mixing system is obtained by
iteration of the initial static pressure, pw^ until some down-
stream boundary condition is satisfied.5 In the back pressure
dependent mode of operation (Fig. 2), the boundary condition
is to match the computed wall pressure at the duct exit with
the prescribed back pressure, pb. In the downstream choking
mode (Fig. 2), the boundary condition is that the determinant
D of the system of equations must be zero at the duct exit.
Therefore, D = 0 is considered to correspond to physical
choking.

The solution technique is more complex for mixing systems
operating in the upstream chocking mode (Fig. 2). The
initial static pressure, pwi, is iterated until the determinants
D and P are simultaneously zero, as required for dpw/dx to
be bounded. The determinants R and B are also zero at the
critical section. The solution then proceeds downstream
into the supercritical region.

Ducted Rocket-Air Mixing Experiments

The apparatus shown in Fig. 4 was installed in Propulsion
Research Cell (R-1B) of the Rocket Test Facility. The
primary stream was provided by a hydrogen-oxygen rocket
operated at approximately 2.5 times the stoichiometric fuel
flow. Gaseous propellants were used to obtain a high com-
bustion efficiency. The average characteristic velocity was
greater than 96% of the ideal value for 51 rocket firings. The
secondary flow was room temperature air at subatmospheric
total pressure. Major dimensions of the apparatus and
typical operating parameters are given in Table 1.

Experimental data are presented3'4 for two mixing duct
configurations: a conical duct (2.98° half-angle) withL = 5.17
rwi and the basic conical duct with a cylindrical extension
added (L = 7.17 r»i). In addition to the pressures, tempera-
tures, and flow rates of the secondary air and rocket propel-
lants, measurements were made of 1) wall pressure distribution
along the mixing duct and 2) radial distributions of pitot
pressure and gas composition at the exit plane of the mixing
duct. With the exhaust pressure at the desired value, the
desired secondary flow was set by adjusting the throttle
valve located upstream from the choked metering nozzle.
The rocket was then fired for a nominal duration of 30 sec.
The system was allowed to stabilize for 20 sec before gas
samples were collected and pressures were recorded.

Comparison of Theory and Experiment

Supersonic Air-Air Ejectors

The 2-D Core Theory has been correlated5 with the air
ejector experiments of Chow and Addy9 and of Chow and
Yeh.10 Only the constant area configuration of Chow and
Addy, which operated in the upstream choking mode, will be
considered here.

The experimental mass flow ratios are shown in Fig. 5,
along with the results of the 2-D Core Theory. The agree-
ment between theory and experiment is very satisfactory for

Table 1 Major dimensions of apparatus and typical
operating parameters

Rocket chamber pressure, p0j 300 psia
Rocket mixture ratio, by mass 3.15
Total rocket mass flow, w3- 0.981bm/sec
Rocket nozzle:

Throat diameter 1.00 in.
Expansion cone half angle 15°
Expansion area ratio 5.25

Inlet radius of mixing duct, rwl 3 in.
Nozzle exit radius/duct inlet radius, rn/rwi 0.38
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Fig. 6 Wall pres-
sure distributions in
a cylindrical air-air

ejector.
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the entire range of poo/poy over which the theory is applicable.
No attempt was made in this investigation to extend the 2-D
Core Theory to the case of zero and very low secondary flows.
The theoretical results of Chow and Addy are not shown in
Fig. 5; their results are nearly identical to the 2-D Core
Theory results.

The experimental and theoretical wall pressure distribu-
tions for the constant area air-air ejector are shown in Fig. 6.
It should be noted that the critical flow does not correspond
to Ma = I , except when the computations are made with zero
mixing rate. The secondary stream Mach number is always
subsonic at the critical (D = 0) section for finite mixing
rates. The 2-D Core Theory also gives very satisfactory
correlation5 of the experimental performance of the noncon-
stant area ejector configurations of Chow and Yeh.

AEDC Ducted Rocket-Air Experiments

Upstream choking mode

The basic conical mixing duct was operated in the upstream
choking mode.3 A typical experimental wall pressure dis-
tribution is shown in Fig. 7, along with the theoretical results
for no mixing and for mixing with equilibrium chemistry.
The theory shows that the inviscid pressure distribution is
significantly altered by mixing and combustion, especially in
the downstream portion of the duct. The theoretical pressure
distribution (with equilibrium chemistry) predicts the experi-
mental pressure distribution reasonably well. The differences
between theory and experiment are attributed to shock waves
in the supersonic portion of the flow; these shock waves are
neglected in the theory. Only the first mixing regime was
encountered in this configuration. The theory predicts
secondary-primary mass flow ratios which are 4-5% higher
than the experimental ratios (Fig. 8).

In any propulsion system application, an important param-
eter is the mixing duct thrust Fd, defined by

p o CL (dr-Fd = 2w I pwrw { —-
Jo \dx

3.5
0.22

o Experiment (Ref. 3)
—— 2-D Core Theory

Equilibrium Chemistry

Total Pressure Ratio, poa/poi

where L is the length of the mixing duct. The ratio of Fd to
the vacuum thrust of the rocket, Fn, is shown in Fig. 8. The

Fig. 8 Mass flow ratio and mixing duct thrust for rocket-
air mixing (upstream choking mode).

theory predicts a thrust ratio which agrees with experiment
to within 10% over the range of poo/poy considered.

Downstream choking mode

The conical mixing duct with cylindrical extension was
operated in the downstream choking mode.4 A typical wall
pressure distribution is shown in Fig. 9, along with the theo-
retical result for equilibrium mixing zone chemistry. The
theoretical wall pressures are higher than the experimental
pressures, but the shape of the experimental pressure distribu-
tion is correctly predicted. As was the case with the upstream
choking mode results, the differences between theory and
experiment are attributed to shock waves in the primary flow.
It should be noted that the inviscid core flow is completely
dissipated in this configuration, and the flow at the duct
exit is in the second mixing regime. The theoretical
secondary-primary mass flow ratios are 10 to 15% higher than
the experimental ratios (Fig. 10). The theoretical thrust
ratio (Fig. 10) is approximately 6% larger than experiment
at the lower values of poo/poy and approximately 16% too
large at the higher values of poa/poy.

Comparison of upstream and downstream choking modes

The inviscid solutions for the conical duct and the conical
duct with cylindrical extension are identical. Both inviscid
systems operate in the upstream choking mode, and at a given
value of poa/poy, both systems have the same wa and the same
Fd- The solutions which include mixing, however, show that
the longer duct operates in the downstream choking mode, and

0.8
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Fig. 7 Wall pressure distribution for ducted rocket-air
mixing (upstream choking mode).
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Fig. 9 Wall pressure distribution for ducted rocket-air
mixing (downstream choking mode).



1440 PETERS, PHARES, AND CUNNINGHAM J. SPACECRAFT

€

i
u. 4 o Experiment (Ref. 4)

—— 2-D Core Theory
Equilibrium Chemistry

2= 0.35
o*

1
1 0.30
f

0.25
0.028 0.032 0.036

Total Pressure Ratio, poa/poj-

Fig. 10 Mass flow ratio and mixing duct thrust for rocket-
air mixing (downstream choking mode).

that the mixing has caused the entire character of the flow to
change from the inviscid character. The solutions show that
the shorter duct operates in the upsteam choking mode, either
with or without mixing. As a result, the theoretical values of
wa and Fd (with mixing) are considerably different for the
two ducts.

A comparison of Figs. 8 and 10 shows that the experimental
secondary mass flow was decreased by approximately 10%
with the addition of the cylindrical extension. The experi-
mental mixing duct thrust (Figs. 8 and 10) was increased by
50-60%. These comparisons show the desirability of the
downstream choking mode for the AAR. The mixing duct
thrust Fd represents the gross thrust increase for the aug-
mentation duct; the net thrust comparison (Fd minus inlet
and external drag) is even more favorable for operation in
the downstream choking mode.

Back pressure dependent mode

The conical mixing duct with cylindrical extension was
operated in the back pressure dependent mode.4 These re-
sults are not of primary interest for the AAR and are not
presented here. In general, the 2-D Core Theory satis-
factorily predicts the mixing duct thrust, but the predicted
secondary mass flow is too large. Again, this difference be-
tween theory and experiment is attributed to the presence
shock waves in the primary flow.

Duct exit plane profiles

Radial distributions of Pitot pressure and gas composition
were measured at the duct exit plane during the AEDC
experiments. The 2-D Core Theory satisfactorily predicts
the experimental Pitot pressures profiles over the outer
part of the mixing zone, but the experimental Pitot pressures
are lower than the theoretical pressures near the duct center-
line.5 The low Pitot pressures near the duct centerline are
caused by strong shock waves in the inviscid core flow; these
shocks are neglected in the theory.

The gas composition profiles were obtained by sampling.
Dry mole fraction distributions of H2, N_2, and 02 are shown
in Fig. 11 for one test condition using the conical duct with
cylindrical extension. Figure 11 is a composite plot of data
from several rocket firings at the same nominal test condition,
and the data were obtained on both sides of the duct center-
line. The theory predicts the experimental profiles very
well, indicating that the assumption of equilibrium chemistry
is valid for this mixing configuration. The width of the
mixing zone is also correctly predicted, indicating that the
eddy viscosity model used in the theory is satisfactory for this
mixing system.

Concluding Remarks

An extensive theoretical and experimental investigation
of ducted mixing of coaxial streams has been summarized.
Experimental results have been presented for a rocket-air mix-
ing system typical of the air-augrnented rocket. An analytical
model has been presented which includes the effects of 1)
a nonuniform supersonic core flow and 2) equilibrium chem-
ical reactions in the mixing layer. Even though the current
detailed knowledge about turbulent flows with chemical re-
actions is meager, the use of integral methods permits reason-
ably accurate computations of the flow in complex mixing
systems.

The analytical and experimental results which have been
presented show that the viscous effects are predominant in
certain types of ducted mixing systems. Consequently, it is
essential that the viscous and inviscid portions of the flow be
computed simultaneously for such mixing systems.

The main emphasis of this work has been placed on mixing
systems which are strongly influenced by the mixing process.
Of course, the theoretical model is also applicable to flows
which are weakly influenced by mixing, such as supersonic
air-air ejectors, but the theory offers no quantitative im-
provement over the superposition technique of Chow and
Addy.

The weakest aspect of the present theory is the assumption
that the inviscid core flow is shock-free. Also, the eddy vis-
cosity model used cannot be considered reliable except for
mixing systems with small secondary-primary velocity ratios.

Although the theoretical model has several deficiencies, the
results are qualitatively correct. In addition, the theoretical
results are sufficiently accurate so that the theory may be
considered useful for engineering analysis of ducted mixing
systems.

Appendix

The following parameters are defined:

y = (r - fi)/b

a <>U , 5p . 7 1big = P ^r~ + u ^r where g — pW) Ti, 6, and xog og

The first regime coefficients (F} G, and H) are

F1 = 62 1 SiPwydy + fer, * SlPwdy + \ [r.2 - (r,

[ dUa , dpa~]
Pa -, —— + Ua 3——dpw dpwj

Slridy

poa/poj = 0.036
2-D Core Theory
Equilibrium Chemistry

r

Fig. 11 Exit plane composition profiles for ducted rocket-
air mixing (downstream choking mode).
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ft =

= — 62 I S2xydy — bri I SZxdyj o •/ o

br{ S2pwdy + i [r,2 -»/ o

^a I 2^a

aWa T~ + U* idpw dpw

S2riydy + br> 1 S2ridy

drw

Hz = b2 ft S^ydy + bn ft Szndy ~ ^^ ft Slriydy -

c %Umbri I Siridy

H, = 62 ft Sxydy + br, fo* S*4ij - umV~ ft Sltydy -
/*i

Umbri I " Sibrfj/j o

S2xdy + wm62 f*Slxydy +
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